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tative picture should be pursued further by the develop- 
ment of a rigorous mathematical formulation. The out- 
standing unsolved problem is the derivation of an ex- 
pression for M, the orientation parameter, in terms of the 
nature of the chain segment, the temperature, the geo- 
metrical constraints, and the applied forces. This deri- 
vation must recognize the nonequilibrium cooperative 
character of the glassy state, and so is a substantial un- 
dertaking. 
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ABSTRACT: A recently developed molecular kinetic theory, based on the idea that the glass relaxation is 
a result of the collapse of a series of free volumes having different levels of energies of hole formation, is applied 
to the phenomenon of physical aging in polymer glasses near the glass transition. Detailed comparisons between 
the prediction of the theory and a well-known experiment on the volume recovery of poly(viny1 acetate) are 
made. Defining the relaxation spectrum by a single Williams-Watts parameter p enables us to derive a new 
expression linking the relaxation of a macrosystem to that  of localized state on the basis of scaling concept. 
This apparent relaxation serves as the basis of kinetic calculations. The favorable comparison between theory 
and experiment supports the pertinent introduction of /3 and substantiates our basic physical picture of linking 
the equilibrium and nonequilibrium behaviors of free volumes to  the distribution of hole energies, its mean 
value, and the reference conditions. The reference free volume fraction is interpreted as the ratio of the mean 
hole energy and the local activation energy. Functional relationships are presented to show that the structural 
parameters in Tool's equation should not be constants but a function of p and temperature. The study improves 
our understanding that the physical aging in polymer glasses is dominated by the nonequilibrium structural 
dependent part of the relaxation time. 

Introduction 
The phenomenon of physical aging that occurs in 

amorphous materials annealed below the glass transition 
temperature (TJ, and exhibits sensitive and complicated 
nonequilibrium characteristics, has been extensively in- 
vestigated in recent years.'-'O Attributing the volume re- 
laxation in amorphous polymers near the glass transition 
to free volume collapse, a molecular kinetic theory' based 
on the existence of free volume distribution has been re- 
cently developed to provide a coherent interpretation of 
some recent models. They include the molecular theories 
advanced by Robertson3 and Curro, Lagasse, and Simha4 
and the phenomenological model developed by Kovacs and 
co-workers.8 The kinetics of free volume are regarded as 
a series of relaxational processes in the present statistical 
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theory. The departure from equilibrium is treated by a 
nonequilibrium transition-state theory where the structural 
contributions to the relaxation times are considered as the 
result of nonequilibrium fluctuations of the system and 
are related to the change of entropy.' The present theory 
can readily be extended to include the effects of stress and 
stress rate2 and be incorporated in a nonequilibrium cri- 
terion" for the determination of Tg in a self-consistent 
manner. 

In this paper, a calculation based on the molecular ki- 
netic theory' is made and is compared with the well-known 
data7 on volume recovery of poly(viny1 acetate). The 
equilibrium free volume fraction defines the equation of 
state. The mean energy of hole formation, the reference 
free volume fraction, and the coefficient of free volume 
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expansion are determined from the experimental PVT 
data above T . The physical aging processes are then 
calculated as t i e  departure from the equilibrium described 
by the molecular kinetic equations. In addition to the 
equilibrium parameters, the general solution is expressed 
in terms of a distribution of relaxation times which is 
characterized by the Williams-Watts'2 parameter, /3. After 
the detailed comparisons between theory and experiment, 
we will discuss the apparent relaxation time, its activation 
energy, and its dependence on the deviation from equi- 
librium in terms of the parameters of the phenomenolog- 
ical models. 

Equation of State 
Consider a system of n, polymer molecules and n holes 

or free volumes where the change of free volume deter- 
mines the volume relaxation process near the glass tran- 
sition. Given that the system has hole energy states rep- 
resented by el, t2, ..., ti, ..., cL, the problem reduces to de- 
termining the distribution of the ensemble characterized 
by the set of hole numbers nl, n2, ... ni, ..., nL with Cini 
= n. Consider a lattice model consisting of N = n + xn, 
cells where x is the ratio of the volume of a polymer 
molecule to that of a hole and associate each site with a 
unit cell of volume u. Minimizing the excess Gibbs free 
energy due to hole introduction with respect to ni, the 
equilibrium free volume distribution is obtained' 

(i = I, ..., L )  (1) 

where c = exp(1- l /x  - S h / k ) ,  k is Boltzmann's constant, 
Sh is the internal entropy associated with a hole, N = ii + xn,, p is pressure, and T is temperature. The ratio of 
nl/N = f i  is defined as the ith contribution to the free 
volume fraction (f, with its equilibrium value 

f = X f i  = f, exp[-(r + p u ) ( T '  - T;')/k] (2) 

where f, is the reference free volume fraction at  the ref- 
erence temperature T, which is usually taken to be the 
glass transition temperature. 

In this paper, where we consider only systems under no 
external pressure, p = 0, and the mean energy of the hole 
formation is 

iii = ( N / c )  exp[-(ti + p v ) / k T ]  

i 

z = X € i f i / f  (3) 
i 

which characterizes the intermolecular interaction. The 
equilibrium total volume (V') of the system is given by 

(4) 

where V, = xnxur, u, is the volume of a lattice site a t  T,, 
and a, = (l/u)(av/dT) is the thermal expansion coefficient 
for the "occupied" vofume. The equilibrium free volume 
fraction, eq 2, defines the equation of state, eq 4. When 
experimental V-T data' on poly(viny1 acetate) (PVAc) 
above T, = 308 K at  atmospheric pressure are used, eq 2 
and 4 give V, = 0.817-cm3/gm, a, = 2.1 X K-', NAF 
= 2.51 kcal/mol, and f ,  = 0.0336, where NA is Avogadro's 
number. The slope of V-T data equals a, + af and de- 
termines the average coefficient of expansion of the free 
volume cyf = 4.7 X K. A comparison between the 
present equation of state, eq 4, Simha's theory,13 and ex- 
perimental data on PVAc are shown in Figure 1 where the 
equilibrium free volume fraction is also plotted. Its values 
below T, will be used in the later physical aging calculation. 

Nonequilibrium Equations 
The nonequilibrium nature of the glass transition can 

be described by a nondimensional parameter 6 = Cifii, 
which measures the departure from equilibrium volume 

P I UN = V,[1 + a,(T - T,)]/(l - f )  

0.86 
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and using eq 10, we obtain 

with 
L 

i = l  
c g i  = 1 

The probability of finding a state in a given energy level 
ei is f i / f ,  and gj can be interpreted as the statistical dis- 
tribution of the hole energy at  a given state. When a 
system is quenched from equilibrium, the general solution 
of eq 6 is'O 

6(t) = -$'aqp(t,t? 0 dt' (13) 

In the case of volume recovery during isothermal annealing 
followed by quenching from a equilibrium temperature To 
to T (i.e., /qol - m and q1 = 0), eq 13 becomes 

6 ( t )  = -d(t)$TdT1 dT' = &)[/(TO) - f(V1 (14) 

For simplicity and self-consistency, we assume that the 
relaxation function follows the Williams-Watts function 

d t )  = exp[-(t/d@I (15) 

where 0 < @ I 1 is a measure of the width of the distri- 
bution of relaxation times.'O Our attempt a t  deriving eq 
15 will be given else~here. '~ The apparent relaxation time 
of the whole system is 

7 = T1U (16) 
where 7, is the reference relaxation time and a is the ap- 
parent shift factor. The Laplace inversion15 of the Wil- 
liams-Watts function is g(7) which has been shownlO to 
be the continuous representation of gi. The associated 
distribution of relaxation timeslo G(7) = g(T)/T is plotted 
in Figure 2 and is characterized by a single parameter @. 
In order to satisfy eq 12 and 15 and Figure 2 simultane- 
ously, p has to be a constant because the distribution of 
the hole energies is fixed for a given system. This will be 
verified experimentally in conjunction with the following 
analysis of linking the relaxation of a macrosystem to that 
of localized state. 

The isothermal response has also been analyzed in terms 
of an effective relaxation time (Teff). From eq 14-16, one 
obtains 

(17) 

Following eq 11, an alternative expression for the effective 
relaxation time can be written 

T-leff = (1/x) C ( g i / T i r )  exp(-a-8[(aa/h)(t/Ti,) - ( t / 7 1 ) 8 ] )  

TO 

7-leff = -d In 6/dt = Pt@-l/r:afi 

L 

i=l  
(18) 

Applying a scaling argument16J7 to eq 17 and 18, we find 

(19) 
From eq 7-9,16, and 19, the apparent relaxation time can 
be written more explicitly as 

T = T, exp(-B[cuf(T - TJ + 6( t )1 /@fI2)  (20) 

and B = 1 will be ass~med. '~  Equation 20 provides a new 
relationship between the relaxation in glasses, which is a 
highly cooperative process, and the material parameters 
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Figure 3. Comparison of isothermal annealing calculated from 
the present theory (curves) and measured' (circles) for PVAc 
quenched from To to various TI. 

related to the free volume fractions and distributions. 

Experimental Comparison 
Theoretical calculation of physical aging based on the 

equations presented in the last section will be put in de- 
tailed comparisons with the well-known experiment' on 
volume recovery of PVAc. In all the figures throughout 
the comparison between theory and experiment, the circles 
are Kovacs' data points and the solid curves represent the 
theoretical calculation using the input parameters: 

(21) 
af = 4.7 X K-' /3 = 0.48 T* = 25 min 

The first three equilibrium parameters (ii, f r ,  af) have been 
determined earlier from the PVT data with TI = 308 K. 
The remaining two parameters (0, 7r) characterize the 
distribution of relaxation times. 

A. Isothermal Annealing. The isothermal volume 
recovery of glass forming polymers following a single tem- 
perature jump from equilibrium can be calculated from 
eq 2,14,15, and 20. Figure 3 compares the calculated and 
measured variation of volume contraction for PVAc fol- 
lowing quenches from equilibrium at To = 313 K to several 
different annealing temperature (Tl) ranging from 298 to 
310.5 K. The parameters 0 = 0.48 and 7, = 25 min were 
adopted to fix experimental data. The corresponding 

NAz = 2.51 kcal/mol f I  = 0.0336 
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Figure 4. Isothermal approach of PVAc toward equilibrium by 
contraction and expansion. The curves are calculated and the 
circles are Kovacs' data. 
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Figure 5. Comparison of log reff vs. 6 of PVAc predicted (curves) 
by eq 22 and measured (circles) by Kovacs. 

distribution of relaxation times was plotted in Figure 2. 
Figure 3 also reveals that B is independent of temperature 
and its value is within the range (0.43-0.52) of what has 
been found from dielectric e~periments.'~ The difference 
between the contraction and expansion isotherms 
quenched and rapid reheated, respectively, from different 
initial equilibrium temperatures To to Tl is shown in 
Figure 4. 

B. Effective Relaxation Time. reff plots contain all 
the salient features including nonlinear and asymmetric 
characteristics of volume recovery in polymer glasses and 
are severe tests for any theoretical treatment.' From eq 
14, 15, and 17, we obtain 

A comparison of eq 22 and experimental data in terms of 
log reff and 6 is shown in Figure 5. There are five different 
initial temperatures (To) with a common annealing tem- 
perature TI = 308 K. Curves and data a t  To = 305.5 and 
313 K are related to those corresponding 6 vs. log (t - 0.01) 
plots in Figure 4 by the definition reffl = -d In 6jdt. The 
asymmetry in approaching equilibrium from 6 > 0 and 6 
< 0 is known as one of the most characteristic features of 
the structural relaxation in polymer glasses. 
C. Memory Effects. The memory effect is associated 

with two consecutive temperature jumps. The thermal 
history of the system involves quenching (0 + l),  annealing 

log Teff = log ( r / B )  + [(I - @)/@I log [-ln dt)l (22) 

(1 - 2), and rapid reheating (2 + 3), i.e., qo + --OD 9 91 = 
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m '"I 
/ee- 1 DIRECT QUENCH FROM To 1 

r 
001 0.1 \ 10 100 loo0 

1-t3,(HOUR) 

Figure 6. Comparison of memory effects predicted (curves) by 
eq 23 and measured' (circles) for PVAc. 

0, and q2 - -OD. The volume recovery is calculated as a 
function of the elapsed time t - t3  from eq 13 as 

6 ( t )  = -itlaqo'p(t,t? dt'- Sf3aqplp(t,t? d t '=  
tz 

- f (T l ) I~ ( t )  - [f(T3) - f (Tl)Idt)  for t > t 3  

(23) 
where 

and 

We again use the parameters given by eq 21 to obtain the 
comparison shown in Figure 6 between the theoretical and 
experimental behavior. This plot is a much more severe 
test of the theory than the situation of a single temperature 
jump. Curve 1, the intrinsic isotherm obtained by direct 
quenching from To = 313 K to TI = 303 K, has already 
been shown in Figure 3. 
Apparent Relaxation Time 

The temperature and structural dependence of the ap- 
parent relaxation time is usually written in accordance to 
the modified Tool equation:20 

T = T,  exp[-B(T - T,)] exp[-8(1 - X)(Tf - T) ]  (24) 
where 8 and X are structural parameters, and Tf is the 
fictive temperature. Equation 24 with constant 0 and X 
has been used in all phenomenological models.g10 Com- 
paring the above equation with eq 20 and 14, one can write 

8 = Baf/@fr2  (25) 
and 

x = 1 - W O )  - f(T)l/cr,(To - T )  (26) 
This reveals that 8 depends not only on the equilibrium 
parameters but also on the width of relaxation spectrum, 
and X is a decreasing function of annealing temperature. 
When To - T is getting smaller, eq 26 reduces to1 

x = 1 - Zf/a&P (27) 
Substituting eq 21 into eq 8, 25, and 26, we also obtain 

X ( T o  = 313 K, T = 283 K) = 0.113 (28) 
which show that PVAc is a highly structural dependent 
nonlinear material. 
Conclusion 

The idea of free volume has been applied before3+ as 
the basis of the microscopic interpretation of relaxation 

cpl(t) = exp\-[(-ln dt2 - tl))'/fl + (t - td/dT3,6)1@) 

'~3( t )  = expH(t - t3)/dT3,8)1@I 

NAea = 78.4 kcal/mol 8 = 0.867 K-' 
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in glasses. However, none of these theories has demon- 
strated the ability of predicting a variety of thermal his- 
tories over a broad time and temperature range without 
changing the input structural parameters. The search for 
quantitative prediction has been the focus of recent in- 
tensive investigations.21 We have achieved for the first 
time a favorable comparison between the present molecular 
kinetic theory near the glass transition and experimental 
data on the isothermal annealing, Teff, and memory effects 
for PVAc. All the kinetic phenomena were calculated from 
the same set of five input parameters, eq 21. 

The study reveals that the physical aging of PVAc is 
dominated by the nonequilibrium structure-dependent 
part of relaxation times and, in contrast to recent reports 
in the literature,21 that the distribution of relaxation time 
is actually independent of temperature. This is consistent 
with eq 12 and Figure 2 which relate the distribution of 
relaxation times to the fixed distribution of hole energies 
of a given system. Therefore, it supports the idea of rep- 
resenting the relaxation spectrum by a single parameter 
p. Through detailed comparison between theory and ex- 
periment, the new equation for the apparent relaxation 
time, eq 20, and our basic physical picture of relating the 
glass relaxation to the mean energy of hole formation, its 
statistical distribution, and the reference conditions have 
received experimental verification. 

There is a subtle difference between the KAHR equa- 
tions and our molecular kinetic equations, eq 6, which 
explicitly incorporate temperature-dependent thermal 
expansion coefficients (ai). The present study reveals that 
the structural parameters (0, X )  of Tool’s equation should 
not be constants but a function of or temperature. These 
may explain why the phenomenological models had dif- 
ficulty*o*22 of predicting several experiments by one set of 

structural parameters. 
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Osmotic Compressibility Measurements on Semidilute 
Polystyrene-Cyclohexane Solutions 
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ABSTRACT The thermodynamic properties of semidilute solutions of polystyrene of molecular weight ranging 
from 4.22 X lo5 to 20.6 X lo6 in cyclohexane are studied as a function of concentration (2 X low2 5 C (g/cm3) 
5 0.1) and temperature (e 5 T < 65 “C) by intensity light scattering. The  corresponding scaling laws for 
the inverse of the osmotic compressibility &/aC are verified. 

1. Introduction 
Using general concepts of scaling theory,lV2 theoreticians 

and experimentalists have studied the thermodynamic 
properties and conformation of polymer chains in solution 
(see, e.g., ref 3-5). The results have led to the construction 
of the universal temperature-concentration diagram.5 In 
this paper, we will be interested in a part of this diagram, 
namely, the semidilute 8 solutions and the transition from 
8 to good solvent system. With respect to concentration, 
polymer solutions are classified as dilute or semidilute, the 
crossover between both regimes being located at  the 
overlap concentration:’t2 
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CT* MRG-3(T) - W-3u (1) 

RG, the radius of gyration of a single coil, is linked to the 
molecular weight of the polymer M by the relation RG - 
M”. At the 8 temperature ( u  = 1 / 2 )  we have 

Ce* - M-112 (2) 

In the semidilute regime, the diagram is divided into good 
solvent and 8 regions, with the boundary5 located at T** - C, where 7 is the reduced temperature (7 = (2’ - e) /@, 
7 > 0). 

The thermodynamic state of the system is characterized 
by the osmotic pressure a. Two predictions of the scaling 
theory for good solvent semidilute solutions have already 
been confiimed6J (a) a is independent of molecular weight 
and (b) A scales as a - C2.32. 
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